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ABSTRACT
In this paper, Euclidean geometry is described as a paradigm for science that has had an enormous impact on Western thinking and education. We will outline first, the foundations of Euclid’s Elements. Secondly, what characterises the Euclidean paradigm and explain its importance as a product of its origin in the ideas of the most celebrated thinkers in Western history. Thirdly, how this Euclidean paradigm has had an impact on scientific reasoning on three different scientific fields presented as examples of the paradigm in action. We will analyse such fields to seek, in the foundations of their thinking and tradition, statements about what a ‘proper scientific approach’ should look like. Finally, we will discuss the connection between the Euclidean paradigm and the constitution of a particular subject through school mathematics. We conclude that Euclid’s Elements are much more than just an axiomatic mathematical structure. They are a view of science, an ideology about how to think; a form of geometry entangled in our notion of science and in the configuration of education for making productive citizens in society.

Introduction

Have you ever wondered why Euclid's elements became so ‘popular’ in Western thinking? We use the word ‘popular’ because the elements have transcended every language and time. In fact, the Elements is the second most translated book of all time, preceded by… well just one! 

[The Elements] had a profound impact on Western thought as it was studied, analyzed, and edited for century upon century, down to modern times. It has been said that of all books from Western civilization, only the Bible has received more intense scrutiny than Euclid's Elements. (Brodkey, 1996, p. 386)

In this paper, we will attempt to unravel what made the Elements so captivating in Western culture. The contention of this paper is that Euclidean geometry should not just be considered as a form of geometry that can be isolated as a mathematical structure, a set of geometrical concepts and rules. Instead, Euclidean geometry transcended mathematical knowledge and has become a model for knowledge organization and a paradigm for mathematical and scientific thinking. We will follow three movements to illustrate how Euclidean geometry has been considered not just as a particular form of geometry, but according to its historical dominance, as a paradigm for thinking in ‘the right scientific way’ for doing proper science among diverse fields of inquiry. Firstly, we will analyse the roots of the Elements, to set the foundations of Euclidean Geometry. Secondly, we will attempt to remove the geometrical surface from the Elements, and we will outline what characterises the Euclidean paradigm. This movement will help us to explain its importance even today as a product of its origin in the ideas of the most celebrated thinkers in Western history. Thirdly, we will outline, in relation to three different scientific fields, how this Euclidean paradigm has had an impact on scientific reasoning. We will analyse the entanglements of Euclidean geometry with notions of science in those three fields to seek the foundations of their thinking and tradition. We will achieve this through the analysis of their statements about what a ‘proper scientific approach’ should look like. Finally, we will discuss further the connection between the Euclidean paradigm and the constitution of a particular subject through school mathematics. This will enable us to unfold the importance of having students following the path of what schools perceive a real scientist is, not to become a scientist, but rather to become a logical thinker, a problem-solver, and a productive citizen who uses reason.

Euclid’s INspiration

Euclid’s greatness was not in creating a new mathematics, but it was in presenting the known mathematics of ancient Greece in a thoroughly clear, organised, and logical fashion (Brodkey, 1996). His product —the Elements— was the synthesis of all the geometrical knowledge of his time and the beginning of a deductive system based on demonstrations. Nonetheless, what was so revolutionary about the Elements that led Euclidean geometry to become a paradigm for scientific thinking even in modern times? To answer that question and to understand the triumphant manner in which the Elements are written we have to overlook the geometrical content. As if we were carefully removing the flesh of the Elements’ bones to leave only the skeleton visible, only the core. For that matter, we are going to move back to Euclid’s sources of inspiration. Euclid was inspired by the ideas guiding the Academy of Plato and Aristotle’s incredibly influential considerations about how a proper science should be organised. So, let us address these two roots a little further.

On the one hand, Euclid structured the Elements under the ideas inspired by Platonism, a dominating force that formed a central pillar in a hierarchical view of science where mathematics is positioned at the absolute top right up until today. Plato considered mathematics as being independent of human consciousness and deeply intertwined with the structures of our physical universe. Within this, the basis for knowledge is only to be found in the ‘real world’, in the world of eternity and immutability. It is in this light where the comprehension of the world of Ideas goes through thinking and not through the senses (Skovsmose & Ravn, 2011, p. 34):

Plato’s differentiation between the world of phenomena and the world of ideas provides, despite the continuous relations between these degrees of reality, the strong impression that all what is concerned with the senses is at least damaging for knowledge. Mathematics and mathematical proofs instead lead to an insight in the truth, which does not have to do with the phenomena of the experienced (empirical) world. Mathematics lead to insight in the necessary truths. And this is connected with the very special foundation of mathematics in the Platonic world of the ideas. Mathematics shows that a secure insight should not be looked for among the (changeable) diversity of phenomena (our translation).

 With this in mind, mathematics and science dealt with an absolute truth about the universe, in which each field of study “could be reduced to a more fundamental one [… and this] reduction rested on the rock solid foundations of pure mathematics and logic” (Hirsch, 1996, pp. 60-61).

On the other hand, the Elements are rooted in Aristotelian thinking. In Posterior Analytics, Aristotle presents a structure of the principles of any deductive science: “one is what is proved, the conclusion, one are the axioms and the third is the underlying genus, the properties and the per se attributes of which the proof makes clear” (Acerbi, 2013, p. 680). According to Aristotle, these assertions —the first principles— are not proven and also remain unproven in the further development of science. Therefore, the reliability of these assertions must be taken for granted, but on the basis of these, the truth of other assertions can be proven (Skovsmose & Ravn, 2011). In an Aristotelian sense, any science must develop from first ‘theoretically true’ principles, but also, one must prove truths on the grounds of truths. Therefore, if one has no truths on which to base one’s proof, then one has no science. Such structure of science, from first principles, is perfectly exemplified in geometry, as formulated in Euclid’s Elements:

In brief, definitions in the form of atomic premises represent for Aristotle a perfectly genuine kind of basic knowledge peculiar to each science. […] In Euclid, too, definitions play an essential role in some of his proofs (Hintikka, 2004, p. 15)

Mix essential ideas, stemming from both Plato and Aristotle, together with mathematical thinking and the result will be a rigorous paradigm for scientific thinking —not just for mathematics. Euclidean geometry was, even from the very beginning, not only a model for structuring physical space, but also a deliberate attempt to configure scientific thinking and the idea of axiomatic structures in scientific reasoning. Then, Euclidean geometry as a paradigm, rooted in the academy of Plato and Aristotle’s ideas about an organisation of science, is related to an axiomatic method that has been entangled in the roots of countless scientific productions throughout the centuries. 

From Hugo Grotius and René Descartes until the First World War, the ideals of intellectual order and rational intelligibility current among European intellectuals emphasized regularity, uniformity, and above all stability. From this standpoint, the merit of Newton’s Principia was to show that the solar system of which the earth is a member is a “demonstration” —a paradeigma, in the Classical Greek— of an intrinsically stable system. This assumed success for Newton’s theory convinced the “Mathematical and Experimental Natural Philosophers” […] that their use of Euclid’s Elements of Geometry as a model for a new physics —or, for Thomas Hobbes, a political theory— was not a dream born of Platonist epistemology alone, but a realistic program for scientific research (Toulmin, 1998,  pp. 329-330).

The characteristics of the Euclidean paradigm 

We have unfolded the roots of the becoming of the Elements. Let us turn now towards a further elaboration of the characteristics of the Euclidean paradigm. Some researchers have considered Euclidean geometry as a dominant perspective (Majsova, 2014) that suddenly became a universal key to access human knowledge (Sbacchi, 2001). So what are the key characteristics that attract in these old volumes?

Euclid’s axioms and postulates appeared to be considered a structured set of commandments, which were displaying the front gate to understand space and the universe. The Elements seems to be the way to gain the entrance to access the world of ideas, by choosing the scientific path of reason and logic, as the Bible helps to reveal the way of obtaining the entrance to the Kingdom of God. And despite all the discussions against the perfection of this type of geometry, by non-Euclideans, Euclidean Geometry still holds an impact on Western thought (Shuttleworth, 2010). It has a privileged position precisely because it is not just a set of mathematical knowledge or a consistent body of axioms and postulates. It has been taken as the paradigm of a deductive method that brings coherence while organizing knowledge:

[The Elements] more than just a practice of measurement, as a result of this mandatory structure geometry now had become: an exemplary mode of thought and deduction, as expressed in the “more geometrico demonstratae” of Benedict (Baruch) de Spinoza; a “pure science” in the sense of Immanuel Kant’s idealist philosophy; and, for the positivist philosophies and sciences of the eighteenth and nineteenth centuries, the science of physical space (Krauthausen, 2010, p. 232).

Euclidean geometry inspired the thinking and reasoning of diverse Western thinkers. As an example, in the 18th century, Gerdil —an Italian theologian who wrote in many fields including philosophy of education— stated that it is through reason that a man is a man. He considered reason to be a social faculty of nature: “make a man reasonable, and you make him sociable […] reason cannot be cultivated but by lessons which have relation to social life” (Griffiths & Griffiths, 1765, p. 40). Gerdil argued that the process to become a reasonable man involved the learning of elementary geometry. According to Frank (2007),

Gerdil insisted on conceptual mastery of a synthetic system of elementary geometry. [For Gerdil] Euclid's geometry, for instance, is notable for its rigor in demonstration […] is distinguished for its orderly "progression from the simple to the compound, from lines to angles, from angles to surfaces, and so forth," a method that particularly "contributes to the enlargement of mind and makes us think with precision" […a method which] develops the propositions of geometry in response to a natural need to know or to a spontaneous order of inquiry […] Any of these three systems increases the student's capacity for reasoning, for understanding ideas, which properly understood are "notions determined by relations" […] It is "nothing more than the faculty of arranging, facultas ordinatrix" […] The desire for order leads to the ideas of truth, goodness and beauty. (Frank, 2007, p. 251)

What characterises Euclid’s Elements is not simply their recognition as a template or a method for organising scientific knowledge. The Elements have shown to be recognized as a foundation or the core of some scientific fields, in terms of the promotion of a mode of thought and deduction. Following Gerdil’s thinking, this geometry contributes to the enlargement of mind and leads to an accurate form of thought, with precision. It is a type of geometry written in such a way that, as Gerdil state, increases reasoning and the understanding of ideas in response to a natural need to know. The Elements are taken not as a form of geometry; Kant referred to it as a pure science (Krauthausen, 2010). It appears that the Elements were more than just books summarizing the geometrical knowledge of ancient Greece. Descartes and Newton also recognized in Euclid’s books an intellectual, rigorous and powerful model (Toulmin, 1998).

The Elements became a bible for many sciences not because of the mathematical insights but because of the ‘facultas ordinatrix’. The non-geometrical part of the books, the Euclidean Non-Geometry in the Elements, helped shaping a form of appropriation of Euclid’s axioms and postulates to develop a scientific thinking and tradition, a ‘Euclidism’. Let us illustrate the characteristics of Euclidism within the development of three fields of Western science.

The core of scientific knowledge 

Why do we say that Euclidean geometry has been so influential for scientific knowledge? If Euclidean Geometry is a form of mathematics that models space, should it not be influencing all fields of inquiry that involve mathematical knowledge? It is well known that the Elements had been the foundation of the development of geometrical knowledge and also, it has been a vast influence in physics. But, in order to grasp and fully understand Euclidism we are going to step out of the fields of mathematics and physics because they are the most obvious fields where Euclidism has unfolded. In fact, a variety of other fields —including arts, philosophy, literary education, and many others— have been setting their roots in Euclid’s axioms and postulates, a Euclidism adopted by other fields in the development of their own scientific thinking.

And so, the question remains: how has Euclidism influenced the development of diverse forms of scientific knowledge? There are many possible examples to explore. One of them is literary education. Within this field of inquiry the Elements are roadmaps that model the path that students should follow, using Gerdil’s words, from the simple to the compuond (see Rabinowitz & Bancroft, 2014). In this section, we are going to present examples in Architecture, Political Science and Theology of how Euclidean geometry has been entangling into diverse fields of scientific knowledge.

Euclidism within Architecture

The relationship between geometry and architecture might seem obvious since architecture is – sometimes – built on the basis of geometrical knowledge. The impact that Euclidean geometry had upon the theory of architecture was mostly because it brought to this field a structure for the visualization of space; it brought a way of organizing the visual space. Sbacchi (2001) stresses that, for architects, it was for a long time more important to learn how to draw and how to visualize, than to engage in complicated calculations. Thus, Euclidean geometry first began to emerge as a way to address this necessity. The relationship between Euclidean geometry and architectural drawing was formalized in the Trattato di Architettura Civile e Militare in the 15th century:

We can assume that an ‘Euclidean culture associated with architecture,’ existed for a long time and that it was probably the preeminent one among the masses and the workers […] With Francesco di Giorgio Martini’s Trattato di Architettura Civile e Militare, the Euclidean definitions of line, point and parallels make their first appearance within an architectural treatise, although in a rather unsystematic way. Serlio, later, goes a step further: his first two books include the standard Euclidean definitions and constructions. (Sbacchi, 2001, pp. 27-28).

Nevertheless, Guarino Guarini, an Italian architect during the 17th century, is recognized as the first to establish the relationship between Euclidean geometry and the theory of architecture. He stressed that Elements are to be considered the foundation for every science (Guarini, 1968, p. 10):

The Elements of Euclid are so necessary to every science […] and also to whoever would advance themselves in the military arts must believe them to be the basis, principle and fundamental element on which to build, and beyond which to advance, and on which to lay every speculation.

He placed Euclidism as the basis of architectural thinking. Euclidean geometry was not a structural visualization of space anymore, neither a guideline on how to draw; it was a way of thinking. Euclidean geometry was, for Guarini, a universal key to access human knowledge. According to Sbacchi (2001), Guarini’s Euclidism made him consider Euclidean norms as the basis of every scientific work. And so, he presented his work named “Architettura Civile” using a Euclid’s Elements structure:

In the first treatise of the five constituting the book, Guarini early on states his geometrical interests. [A] chapter explores the “Principles of Geometry necessary to Architecture.” It contains the nine definitions of point, line, surface, angle, right angle, acute angle and parallel lines. Chapters dedicated to surfaces, rectilinear shapes, circular shapes follow and the whole first treatise continues basically in this way with postulates, other principles and several typical Euclidean transformations such as “To draw a line from a given point in order to make it touch the circle” [Guarini 1968:41]. (Sbacchi, 2001, p. 29)

Euclidism within Political Science

In the 16th century, the English philosopher Thomas Hobbes relied upon the principles of geometry to establish a new political science (Vinnicombe, 2005). Hobbes believed that knowledge cannot subsist without a proper method and the key to achieve that method was held by geometers and physicists (Grant, 1990). He intended to analyse social behaviour by using Euclidism as a methodological model of organization, a model of deduction, step by step:

Hobbes sought to analyze human behaviour in a hypothetical early collection of unorganized individual […] The description of those moving atoms should proceed: by application of geometry […] Geometry is central to the great philosopher's thought in two quite distinct ways: as methodological guide and example, and as the most basic of all branches of knowledge, from which "synthesis" might deduce, step by step, the immutable laws of social justice. (Grant, 1990, p. 151)

Hobbes saw in Euclidean geometry a model to shape a deductive method. From the introduction of self-evident or common sense definitions and postulates to the most advanced and challenging theorems. The Elements become a “deductive passage from simple to complex, from supposedly evident definitions and postulates to deep theorems and difficult constructions” (Grant, 1990, p. 151). In his principal work Leviathan, Hobbes stated three possible ways of knowing. Firstly a divine revelation, secondly, an experience form and, finally, through definitions. Hobbes had the intention to exclude the first two, “leaving geometry as the only possible means by which man could reliably understand all manner of things” (Vinnicombe, 2005, p. 670).

Euclid's reasoning described a method which Hobbes believed provided the foundation for all true reasoning, an abstract scientific method, through which the world becomes intelligible by a means of reasoning which is entirely independent of sense perception. This method, adopted by Hobbes, is described by him as the compositive-resolutive method and its mathematical counterpart is the synthetic-analytic. (Vinnicombe, 2005, pp. 670-671)

According to Vinnicombe (2005), Hobbes not only aimed to set Euclidean geometry as the ‘only true way of knowing’. He also aimed to set this Euclidean method of reasoning as something natural to man, where ‘natural’ is understood as something that represents a type of mental discourse, a discourse without words. Hobbes’ goal was to establish Euclidsm as the only way of thinking in Political Science.

Euclidism within Theology

Herbert de Cherbury, an English philosopher in religion, declared Deism as the belief that by reason and by the observation of the world we live in —the natural world— we can determine the existence of God (de Cherbury, 1633). He stated that ‘common notions’ were the foundations of reasoning, in which he set the basis of his philosophy. However, the term common notion was borrowed from Euclid’s Elements:

The idea that ‘common notions’ were the basis of reasoning was not original to Herbert. The term ultimately derives from Euclid’s Elements, in which koinai ennoiai are the axiomatic foundations of geometry. The demonstrative prestige of this discipline led to the concept being taken up and applied more widely in early modern logic and the sciences (Serjeantson, 2001, p. 222).

Deism was rooted in Euclid’s Elements. de Cherbury’s Euclidism helped to develop a book that operates as a ‘guide for the perplexed’, in the words of Sherman (2012). In his book De veritate, written in 1624, he established the philosophical foundations of his work, where he set five common notions. De veritate, as the Elements, presents the key terms of his philosophy in a structured way, which led to instructing or tutoring about “how to discriminate among classes of truth and how to distinguish certainty from probability, possibility, and error” (Sherman, 2012, p. 189). 

As we can see, Euclidean geometry has been shaping the development of scientific thinking in such a way that, according to Norton (2013), the Elements turned into a template for organizing scientific knowledge. The exposition of Euclidean geometry, rooted on Platonism and Aristotelian thinking, brings together truth, knowledge, and certainty. It shapes an epistemological Trinity that, as illustrated, influenced not only mathematics but also epistemology in general. This Trinity has been giving to mathematics and Euclidean geometry a central role in human cognition (Skovsmose and Ravn, 2011). For Hirsh (1996, p. 62), “it was geometry that became the more solid base for certain knowledge […] Every statement required a rigorous justification; nothing could be taken as obvious”.

Euclidism for everyone

Why, then, is it important to bring the discussion of Euclidism into mathematics education? As discussed elsewhere (Andrade-Molina & Valero, 2015), schools aim at making students follow the path of what is perceived as a real scientist. Of course the Elements are not the explicit books pupils must study and read —they are, after all, more than 2000 years old volumes. Students probably have no idea that what they should learn is a space modelled by a Platonic realm —mathematics— that seems to be the important one in the educational world. And which is, most likely, totally different from the messy and complex world they live in. Nonetheless, Euclidean geometry is an important part of schools and it holds a privileged position when starting to learn geometry in many countries (Harel, 2014; Ray, 1991; Sbacchi, 2001). The impact and importance of this dominance is not just about pupils learning a set of mathematical concepts and rules. Geometry, in schools, also operates by constructing its subjects. School geometry shapes in students a form of visualising the world and a form of thinking about space and reality in a particular way (Andrade-Molina & Valero, 2016). The aim of schooling is that students become logical thinkers, problem-solvers and productive citizens capable of reasoning mathematically. 

[Students should] reason mathematically and use mathematical concepts, procedures, facts and tools to describe, explain and predict phenomena. [While] recognising the role that mathematics plays in the world and to make the well-founded judgements and decisions needed by constructive, engaged and reflective citizens (Organization for Economic Co-operation and Development, 2014, p. 28).

But the relevance of Euclidism in schools is that the Elements, as a paradigm for science, led to believe for so long that through the understanding of Euclid’s axioms and postulates a person will gain access to knowledge, not just mathematical knowledge, but all forms of human knowledge. Therefore, there is the implicit “acceptance that through a Euclidean way of thinking people will become a scientific self” (Andrade-Molina & Valero, 2015, p. 292).

Above we have illustrated how Euclidian geometry has influenced many fields of scientific knowledge. Moreover, we have sought to show how and why the Elements became a view of science and an ideology about how to think ‘scientifically’. The Elements became the Bible for many sciences —an ideal to achieve for all other areas of human knowledge. 

[Euclidean geometry] has been taught to teach reasoning and intellectual discipline. This is why Plato placed his famous motto over the academy door. That is why Abraham Lincoln studied Euclid”. (Jamison, 2000, p. 54)

As a consequence, Euclidism also lives a fruitful life inside schools. The Euclidean paradigm can be tracked back to some of the most important scriptures of Western thought, and it is in this light that the dominance for centuries of Euclidean geometry in schools should be understood.
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